We discuss a recently proposed extension of Bohmian mechanics to quantum field theory. For more or less any regularized quantum field theory there is a corresponding theory of particle motion, which in particular ascribes trajectories to the electrons or whatever sort of particles the quantum field theory is about. Corresponding to the nonconservation of the particle number operator in the quantum field theory, the theory describes explicit creation and annihilation events: the world lines for the particles can begin and end. These theories also provide a definition (and facilitate the probabilistic prediction) of the time of creation.
Introduction
Despite the uncertainty principle, the predictions of nonrelativistic quantum mechanics permit particles to have precise positions at all times. The simplest theory demonstrating that this is so is Bohmian mechanics [2, 5, 11] ; in this theory the position of a particle cannot be known to macroscopic observers more accurately than the |ψ| 2 distribution would allow. A frequent complaint about Bohmian mechanics is that, in the words of Steven Weinberg [18] , "it does not seem possible to extend Bohm's version of quantum mechanics to theories in which particles can be created and destroyed, which includes all known relativistic quantum theories."
To remove the grounds of the concern that such an extension may be impossible, we show how, with (more or less) any regularized quantum field theory (QFT), one can associate a particle theory-describing moving particles-that is empirically equivalent to that QFT. However, we will not attempt to achieve full Lorentz invariance; that would lead to quite a different set of questions, orthogonal to those with which we shall be concerned here. The theories we present are based on the work of Bell [1] and our own recent results [6, 7] . While Bell replaced physical 3-space by a lattice, we describe directly what presumably is the continuum limit of Bell's model [7, 16, 17] . Since Bell's proposal was the first in this direction, we call these models "Bell-type QFTs". The trajectories we use as the world lines consist of pieces of Bohmian trajectories, or similar ones. A novel element is that the world lines can begin and end. This is essential for describing processes involving particle creation or annihilation, such as, e.g., positronelectron pair creation. Our description of such events is the most naive and natural one: the world line of the particle begins at some space-time point, its creation event, and ends at another (see figure 1 ). The models thus involve "particle creation" in the literal sense. The patterns of world lines are reminiscent of Feynman diagrams, and the possible Feynman diagrams correspond to the possible types of world-line patterns. Note, however, that the role of Feynman diagrams is to aid with computing the evolution of the state vector Ψ, while the world lines here are supposed to exist in addition to Ψ. Unlike Feynman diagrams, which are computational tools not to be confused with actual particle paths, the world-line patterns of our models are to be regarded as describing the possibilities for what might actually happen (in a universe governed by that model).
Configuration Space
Whatever the pattern of world lines may look like, it can be described by a timedependent configuration Q t = Q(t) moving in the configuration space Q of possible positions for a variable number of particles. In the case of a single particle species, this is the disjoint union of the n-particle configuration spaces,
Since the particles are identical, the sector Q (n) is best defined as R 3n modulo permutations, R 3n /S n . For simplicity, we will henceforth pretend that Q (n) is simply R 3n ; we discuss R 3n /S n in [7] . For several particle species, one forms the Cartesian product of several copies of the space (1), one for each species. One obtains in this way a configuration space which is, like (1), a union of sectors Q (n) where, however, now n = (n 1 , . . . , n ℓ ) is an ℓ-tuple of particle numbers for the ℓ species of particles.
Let us explore what Q(t) looks like for a typical world line pattern (see figure 2) . . A configurational history Q(t) jumps to the next higher sector at each creation event, and to the next lower sector at each annihilation event. The history shown corresponds to a world-line pattern like that of figure 1(a). Q(t) will typically have discontinuities, even if there is nothing discontinuous in the world line pattern (figure 1), because it jumps to a different sector at every creation or annihilation event. Between such events, Q(t) moves smoothly within one sector. (There is an ambiguity as to whether or not at a jump at time t, Q(t) should include the appearing resp. vanishing particle. How one resolves this ambiguity does not much matter: either choice would be OK, and would imply the same predictions for results of experiments.)
It is helpful to note that the bosonic Fock space can be understood as a space of L 2 (i.e., square-integrable) functions on n R 3n /S n . The fermionic Fock space consists of L 2 functions on n R 3n which are anti-symmetric under permutations.
The Laws of Motion
A Bell-type QFT specifies such world-line patterns, or histories in configuration space, by specifying three sorts of "laws of motion": when to jump, where to jump, and how to move between the jumps. Before we say more on what precisely the laws are, we elucidate one consequence of the laws: if at t = 0, the configuration Q(0) is chosen at random with probability distribution |Ψ 0 | 2 , then at any later time t, Q(t) has distribution |Ψ t | 2 . This property we call equivariance. The main consequence is that these theories are empirically equivalent to their corresponding QFTs. This conlusion has been explained in detail in [10] for Bohmian mechanics and the predictions of nonrelativistic quantum mechanics, and the same reasoning applies here. It involves a law of large numbers governing the empirical frequencies in a typical universe, and involves the recognition that the variables that record the outcome of an experiment are ultimately particle positions (orientations of meter pointers, ink marks on paper, etc.).
Of course, Bell-type QFTs use the quantum state vector Ψ for determining their laws of motion. The state of a system is described by the pair (Ψ t , Q t ), where Ψ t evolves according to the suitable Schrödinger equation
Typically H = H 0 + H I is the sum of a free Hamiltonian H 0 and an interaction Hamiltonian H I . It is important to appreciate that although there is an actual particle number, defined by N(t) = #Q(t) or Q(t) ∈ Q (N (t)) , Ψ need not be a number eigenstate (i.e., concentrated on one sector). This is similar to the situation in the usual double-slit experiment, in which the particle passes through only one slit although the wavefunction passes through both. And as with the double-slit experiment, the part of the wavefunction that passes through another sector of Q (or another slit) may well influence the behavior of Q(t) at a later time.
The laws of motion for Q t depend on Ψ t (and on H). The continuous part of the motion is governed by a first-order ordinary differential equation
is the time derivative of the Q-valued Heisenberg position operatorq, evolved with H 0 alone. Since in the absence of global coordinates on Q, the notion of a "Q-valued operator" may be somewhat obscure, one should understand (3) as saying this: for any smooth function f : Q → R,
wheref is the multiplication operator corresponding to f . This expression is of the form v Ψ · ∇f (Q t ), as it must be for defining a dynamics for Q t , if the free Hamiltonian is a differential operator of up to second order [7] . The Klein-Gordon operator is not covered by (3) or (4); its treatment will be discussed in future work [9] . The numerator and denominator of (3) resp. (4) involve, when appropriate, scalar products in spin space. One may view v as a vector field on Q, and thus as consisting of one vector field v (n) on every manifold Q (n) ; it is then v (N (t)) that governs the motion of Q(t) in (3)
When H 0 is the "second quantization" of a one-particle Schrödinger operator, (3) amounts to (5), with equal masses, in every sector Q (n) . Similarly, in case H 0 is the second quantization of the Dirac operator −ic α · ∇ + βmc 2 , (3) says a configuration Q(t) (with N particles) moves according to (the N-particle version of) the known variant of Bohm's velocity formula for Dirac wavefunctions [3] ,
The jumps are stochastic in nature, i.e., they occur at random times and lead to random destinations. In Bell-type QFTs, God does play dice. There are no hidden variables which would fully pre-determine the time and destination of a jump. The probability of jumping, within the next dt seconds, to the volume dq in Q, is σ
where x + = max(x, 0) means the positive part of x ∈ R. Thus the jump rate σ Ψ depends on the present configuration Q t , on the state vector Ψ t which has a "guiding" role similar to that in Bohm's velocity law (5) , and of course on the overall setup of the QFT as encoded in the interaction Hamiltonian H I . In [6] , we spelled out in detail a simple example of a Bell-type QFT.
There is greater similarity than meets the eye between the jump law (7) and the velocity law (3); they are both cases of "minimal" Markov processes associated with a given Hamiltonian; for more on the mathematics involved here, see [7] and our forthcoming paper [8] . (When H 0 is replaced by H I in the right hand side of (4), one obtains an operator on functions f (q) that is naturally associated with the process defined by the jump rates (7).) Together, (3) and (7) define a Markov process on Q. The "free" part of this process, defined by (3), can also be regarded as arising as follows: if H 0 is as usual the "second quantization" of a 1-particle Hamiltonian h, one can construct the dynamics corresponding to H 0 from a given 1-particle dynamics corresponding to h (be it deterministic or stochastic) by an algorithm that one may call the "second quantization" of a Markov process [7] . Moreover, this algorithm can still be used when formula (3) fails to define a dynamics (in particular when H 0 is the second quantized Klein-Gordon operator).
Cut-offs
We give a few details about cut-offs. We have assumed that a well-defined Hamiltonian is given. This often requires that a cut-off be introduced. With the cut-off the interaction Hamiltonian is smeared out, and therefore the world line may start resp. end, not precisely at the location of the emitting particle (or the other particle in pair creation), but in some small neighborhood of that particle (see figure 3 ). 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 00000000000000 If an UV cut-off is employed, emission and absorption events may take place at a distance of the order of the cut-off length, which is usually taken very small.
It seems reasonable to expect that in the limit in which the cut-off is removed, the absorption event will become deterministic: it will occur whenever a photon hits an electron, leading to the unique configuration without this photon. The emission process, in contrast, should remain stochastic. (Appearances to the contrary notwithstanding, no violation of time reversal symmetry need be involved.)
Applications
We now consider a possible application. There is no time operator in quantum theory. That makes it difficult for orthodox quantum theory to predict the distribution of the time when a detector fires; it is essentially impossible to give a principled definition of this random quantity and similar ones like the tunneling time through a barrier or the time of first arrival at a surface. Just as Bohmian mechanics allows an obvious definition of such quantities, a Bell-type QFT allows, in addition, an obvious definition of the time of creation (or annihilation) of a particle, and its life span. The story about predicting the statistics of the detection time is the same as in Bohmian mechanics [4] : one has in principle to take into account the back-effect of the detector on the wavefunction of the particle, known in its most extreme form as the quantum Zeno effect [14] , and the decoherence caused by the detector. Nevertheless, in many cases these effects are negligible, and the detection time is quite the same as what the time of arrival would have been had the detector not been there [12] .
We mention another possible application of Bell-type QFT. For more efficient numerical simulations of the Schrödinger equation, Bohmian trajectories have been employed [13, 15] . It may well be that for QFT, a Bell-type version can yield a similar benefit.
Field Operators
In a theory of particles, what is the role of the field operators that give QFT its name? The field operators (operator-valued fields on space-time) provide a connection, the only connection in fact, between space-time and the abstract Hilbert space containing the quantum states |Ψ , which are usually regarded not as functions but as abstract vectors. For our purpose, what is crucial is the following: (i) the field operators naturally correspond to the spatial structure provided by a projection-valued (PV) measure on configuration space Q, and (ii) the process we have defined in this paper can be efficiently expressed in terms of a PV measure.
Consider a PV measure P on Q acting on H: For B ⊆ Q, P (B) means the projection to the space of states localized in B. All our formulas above can be formulated in terms of P and |Ψ : (4) becomes
for any smooth function f : Q → R, and (7) becomes
Note that Ψ|P (dq)|Ψ is the probability distribution analogous to |Ψ(q)| 2 dq. We now turn to (i): how we obtain the PV measure P from the field operators. For the configuration space Q = n R 3n /S n of a variable number of identical particles, a PV measure on Q is mathematically equivalent to a system of number operators [7] : an additive operator-valued set function N(R), R ⊆ R 3 , such that the N(R) commute pairwise and have spectra in the nonnegative integers. And, by the canonical commutation or anti-commutation relations for the field operators φ(x), the easiest way to obtain such a system of number operators is by setting
These observations suggest that field operators are just what the doctor ordered for the efficient construction of a theory describing the creation, motion, and annihilation of particles.
Remarks
Let us recall what data we really need from a QFT to construct the trajectories. We need (i) a Hilbert space H, (ii) a Hamiltonian H = H 0 + H I , (iii) a configuration space Q (in mathematical terms, a measureable space), and (iv) a PV measure P on Q acting on H.
There is an issue about the right position operator (and thus the choice of P ) for photons and some other particles; some choice of P must be made, or equivalently a choice about the appropriate field operators for photons. Given H, H, Q, and P , the model is unique.
In [7] , we provide a general discussion of (9), including a derivation, conditions on H I that ensure the rigorous existence of σ, a proof of equivariance, and some examples. The jump rates in Bell's model [1] are another special case of (9) . Note that whereas (3) and (7) are based on the Schrödinger picture, (8) and (9) apply equally well in the Heisenberg picture: then P = P t becomes time-dependent, and so do H 0 and H I (while their sum H is, of course, constant). (8) and (9) are also valid in the interaction picture, in which P t evolves with H 0 while Ψ t evolves with H I (t) = e iH 0 t/ H I e −iH 0 t/ . Another point we should briefly address: it is only the positive-energy one-particle states that are used for constructing the Fock space H, so that H is really a subspace of a larger Hilbert space H 0 which contains also unphysical states (with contributions from one-particle states of negative energy). Since position operators may fail to map positive energy states into positive energy states, the PV measure P is typically defined on H 0 but not on H, in which case (8) and (9) have to be read as applying in H 0 . While H 0 is defined on H 0 , H I is usually not and needs to be "filled up with zeroes", i.e. replaced by P ′ H I P ′ where P ′ is the projection H 0 → H, before (9) can make sense; alternatively, (9) could be read as valid in H with P ( · ) replaced by the positive-operator-valued (POV) measure P ′ P ( · )P ′ [7] .
Conclusions
To sum up, we have shown how the realist view which Bohmian mechanics provides for the realm of nonrelativistic quantum mechanics can be extended to QFT, including creation and annihilation of particles. Those who find the all too widespread positivistic attitude in quantum theory unsatisfactory may find these ideas helpful. But even those who think that Copenhagen quantum theory is just fine may find it interesting to see how the particle picture, ubiquitous in the pictorial lingo and heuristic intuition of QFT, can be made consistent, internally and with the observable facts of QFT, by introducing suitable laws of motion.
